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Abstract. In this paper, we prove that the topology induced by algebraic cone metric coincides with the topology
induced by the metric obtained via a nonlinear scalarization function, i.e. any algebraic cone metric space is
metrizable. Furthermore, the notion of algebraic cone normed space is introduced and also normability of the
topology of this space is proved.
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1. Introduction
The concept of metric and any concept related to metric play a very important role not only in pure mathematics
but also in other branches of science involving mathematics especially in computer science, information science, and
biological science.
Replacing the real numbers, as the codomain of metrics, by ordered Banach spaces we obtain a generalization of
metric spaces. Such generalized spaces called cone metric spaces, were introduced by Rzepecki [15]. Long-Guang
and Xian [9] announced the notion of a cone metric space by replacing real numbers with an ordering Banach
space which is the same as the definition of Rzepecki. After their work many authors attempt to adjust the theory
of cone metric to ordinary metric space, by proving the most important standard results on fixed point theory
and functional analysis. Recently, Erdal Karapinar [10] studied fixed point theorems in cone Banach spaces, and
Abdeljawad et al. [17] studied some properties of cone Banach spaces. In [16], Sonmez and Cakalli studied the
main properties of cone normed spaces and proved some results in cone normed spaces and complete cone normed
spaces.
Ordered normed spaces and cones have applications in applied mathematics and optimization theory [6]. A useful
approach for analyzing a vector optimization problem is to reduce it to a scalar optimization problem. Nonlinear
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scalarization functions play an important role in this reduction in the context of non-convex vector optimization
problems. Recently this has been applied by Du [7] to investigate the equivalence of vectorial versions of fixed point
theorems of contractive mappings in TVS-cone metric spaces and scalar versions of fixed point theorems in general
metric spaces in usual sense. The authors in [3] proved that the topology induced by topological vector space valued
cone metric coincides with the topology induced by the metric obtained via a nonlinear scalarization function. Those
results based on nonlinear scalarization function obtained by using a topology in E. In this paper we remove this
condition by study only algebraic case. Our aim is to generalize the notion of nonlinear scalarization function to
prove that any algebraic cone metric space with its inherited topology is metrizable, i.e. the topology induced by
the algebraic cone metric coincides with the topology induced by an appropriate metric. Also normability of the
algebraic cone normed spaces with their induced topologies is discussed. Note that in [12], we introduced the notion
of algebraic cone metric and it has been shown that every algebraic cone metric space has a Hausdorff topology.
2. Preliminaries
In this section we recall the concept of algebraic cone metric space and some of its elementary properties which
have been studied in [12].
Definition 2.1. [13] Let E be a real vector space and P be a convex subset of E. A point x ∈ P is said to be an
algebraic interior point of P if for each v ∈ E there exists ǫ > 0 such that x+ tv ∈ P , for all t ∈ [0, ǫ].
Note that the above definition is equivalent to the following statement:
A point x is an algebraic interior point of the convex set P ⊂ E if x ∈ P and for each v ∈ E there exists ǫ > 0 such
that [x, x + ǫv] ⊂ P , where [x, x+ ǫv] = {λx+ (1− λ)(x + ǫv) : ∀λ ∈ [0, 1]}.
The set of all algebraic interior points of P is called its algebraic interior and is denoted by aintP . Moreover, P
is called algebraically open if P = aintP . Equivalently, P is called algebraically open if its intersection with every
straight line in E is an open interval (possibly empty). For example every convex open set in Rd is algebraically open.
Suppose that E is a real vector space with its zero vector θ and P ⊂ E is a non-empty set such that P +P ⊂ P ,
λP ⊂ P (λ ≥ 0), P ∩ (−P ) = {θ}. In this case we will say that P is an algebraic cone in E. For a given algebraic
cone P in E, a partial ordering a on E with respect to P is defined by x a y if and only if y−x ∈ P . Furthermore,
we write x≪a y whenever y − x ∈ aintP and we say that (E,P ) is an algebraic cone space. If for each x ∈ E and
y ∈ P \ {θ} there exists n ∈ N such that x a ny, we say that (E,P ) has the Archimedean property.
One can easily see that P = {(x1, x2, ..., xn) ∈ Rn : xi ≥ 0, i = 1, 2, ..., n)} is an algebraic cone in Rn such that
(Rn, P ) has the Archimedean property. Also P = {f ∈ CR[a, b] : f(x) > 0, ∀x ∈ [a, b]} ∪ {θ} is an algebraic cone
which (CR[a, b], P ) has the Archimedean property. But there exists a real vector space with an algebraic cone which
does not have the Archimedean property. For example, in the real vector space CR(0,∞) if we consider the algebraic
cone P = {f ∈ CR(0,∞) : f(x) ≥ 0, x ∈ (0,∞)} then it is easy to see that P does not have the Archimedean
property. Indeed, if f(x) = x2 and g(x) = 1
x
then there is no n ∈ N such that g(x) ≤ nf(x), for all x ∈ (0,∞).
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Lemma 2.2. Let (E,P ) be an algebraic cone space and aintP 6= ∅. Then
(i) P + aintP ⊂ aintP .
(ii) αaintP ⊂ aintP , for each scalar α > 0.
(iii) For any x, y, z ∈ X, x a y and y ≪a z imply that x≪a z.
Proof. Let x ∈ aintP, y ∈ P and v be an arbitrary element in E. By definition of algebraic interior point, there
exists ǫ > 0 such that x+ tv ∈ P , for each t ∈ [0, ǫ]. We have (x+ y) + tv ∈ P , for each t ∈ [0, ǫ], since P + P ⊂ P
and y ∈ P . This prove (i).
(ii) Let x ∈ aintP , α > 0 and v be an arbitrary element in E. By definition of algebraic interior point, there exists
ǫ > 0 such that x+ t v
α
∈ P , for all t ∈ [0, ǫ], hence αx+ tv ∈ P , for all t ∈ [0, ǫ].
(iii) is trivial by using (i). 
Definition 2.3. Let (E,P ) be an algebraic cone space, aintP 6= ∅ and da : X×X → E be a vector-valued function
that satisfies:
(ACM1) For all x, y ∈ X , such that x 6= y, θ ≪a da(x, y) and da(x, y) = θ if and only if x = y,
(ACM2) da(x, y) = da(y, x) for all x, y ∈ X ,
(ACM3) da(x, y) a da(x, z) + da(z, y) for all x, y, z ∈ X .
Then da is called an algebraic cone metric on X and (X, da) is said to be an algebraic cone metric space.
Theorem 2.4. Let (X, da) be an algebraic cone metric space. Then the collection {Ba(x, c) : c ∈ aintP, x ∈ X}
forms a subbasis for a Hausdorff topology on X, where
Ba(x, c) := {y ∈ X : da(x, y)≪a c}.
Proof. Trivially
⋃
x∈X,c∈aintP Ba(x, c) = X , so the collection {Ba(x, c) : c ∈ aintP, x ∈ X} forms a subbasis for
a topology on X . Now we show that this topology is Hausdorff. Let x, y ∈ X and x 6= y, take θ ≪a c = da(x, y).
The facts that P ∩ (−P ) = {θ} and da has the property (ACM3) imply that Ba(x,
c
3
)∩Ba(y,
c
3
) = ∅. Therefore the
topology induced by the above collection is Hausdorff. 
3. Main results
In this section we suppose that aintP 6= ∅ and (E,P ) be an algebraic cone space. We prove the metrizability of
the induced topology on an algebraic cone metric spaces. But before proceeding further, we need a couple of useful
lemmas:
Lemma 3.1. Let e ∈ aintP . Then
E = {λe− c : λ ∈ R+ \ {0}, c ∈ aintP}.
Proof. Let e ∈ aintP and z be an arbitrary element of E. By definition of algebraic interior point for v = −z there
exists ǫ > 0 such that e + tv ∈ P , for each t ∈ [0, ǫ]. Thus for t = ǫ
2
, we have e + ǫ
2
v ∈ P and hence 2
ǫ
e − z ∈ P
i.e. z a
2
ǫ
e. By Lemma 2.2(ii),(iii), we may assume that z ≪a λe, for some λ ∈ R+ \ {0}. Thus the proof is
complete. 
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Lemma 3.2. Let e ∈ aintP , then we have
(i) If z ∈ λe − P for some λ ∈ R, then for each µ > λ, z ∈ µe− aintP , in particular, for each µ > λ, z ∈ µe− P .
(ii) For any z ∈ E, there exists a real number α ∈ R such that z /∈ αe − P .
Proof. (i) Let µ > λ and z ∈ λe− P . We have
µe− z = (µ− λ)e + λe− z ⊂ aintP + P ⊂ aintP.
Thus, z ∈ µe− aintP ⊂ µe− P .
(ii) Let us assume that there exists z0 ∈ E such that z0 ∈ Pλ,e, for all λ ∈ R. Then from (i), z0 ∈ λe − aintP , for
all λ ∈ R. Thus,
{λe− z0 : λ ∈ R} ⊂ aintP
equivalently,
{−λe− z0 : λ ∈ R} ⊂ aintP.
Now by Lemma 3.1, for each y ∈ E, there exist c ∈ aintP and α ∈ R+ \ {0} such that −y = αe − c. Hence,
y = −αe+ c
= (−αe− z0) + z0 + c
∈ aintP + z0 + aintP ⊂ z0 + aintP.
Thus,
E ⊂ z0 + aintP.
This contradicts aintP 6= E. 
The nonlinear scalarization function ξe : E → R is defined as follows:
ξe(y) = inf{r ∈ R : y ∈ re − P}
for all y ∈ E, where E is a topological vector space and P is a closed convex cone in E such that P ∩ (−P ) = {θ}
(see [5]). The original version is due to Gerstewitz [8]. Its first appearance in English seems to be due to Luc [11].
In this approach real vector spaces are used as the domain of the nonlinear scalarization function, instead of
topological vector spaces.
For any y ∈ E, put
Me,y = {r ∈ R : y ∈ re − P}.
By applying Lemma 3.1, it is easy to see that Me,y is non-empty. Moreover, it is bounded below. Indeed, we can
assume that, for each r ∈ R, there exists λr ∈ R such that λr < r and y ∈ λre− P . By Lemma 3.2(ii), there exists
α ∈ R such that y /∈ αe−P . Hence, Lemma 3.2(i) implies that y /∈ µe−P , for each µ < α which is a contradiction.
Thus Me,y is bounded below.
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Definition 3.3. Let E be a real vector space and P be an algebraic cone in E. For a given e ∈ aintP , the nonlinear
scalarization function is defined by:
ξe(y) = infMe,y.
Lemma 3.4. For any e ∈ aintP , the function ξe has the following properties:
1) ξe(θ) = 0.
2) ξe(e) = 1.
3) y ∈ P implies ξe(y) ≥ 0.
4) ξe(y) < r if and only if y ∈ re − aintP .
5) if y1 a y2, then ξe(y1) ≤ ξe(y2), for each y1, y2 ∈ E.
6) ξe is subadditive on E.
7) ξe is positively homogeneous on E (i.e. ξe(λy) = λξe(y), for each y ∈ E).
8) ξe(y) > 0 for each y ∈ aintP .
Proof. For any y ∈ E we have
Me,y = {r ∈ R : y a re}.
1) Since e ∈ P and P is a cone in E, so re ∈ P , for each r ≥ 0. On the other hand P ∩ (−P ) = {θ} thus
Me,θ = [0,∞).
2) Let r ∈Me,e. Then we have e a re, i.e. (r − 1)e ∈ P . Since P ∩ (−P ) = {θ}, so r ≥ 1. Thus ξe(e) = 1.
3) Let y ∈ P and r ∈Me,y. Then we have θ a y a re, hence θ a re, i.e. r ∈Me,θ. Thus r ≥ 0.
4) Let ξe(y) < r. Then there exists r
′ < r such that y a r′e, on the other hand by Lemma2.2(ii), we have
r′e ≪a re. Hence, Lemma2.2(iii) implies that y ≪a re. Conversely, let y ∈ re − aintP . By definition of algebraic
interior point, for v = −e, there exists ǫ > 0 such that (re− y) + tv ∈ P , for all t ∈ [0, ǫ]. Hence, there exists r′ < r
such that r′e− y ∈ P . Thus ξe(y) ≤ r
′ < r.
5) Let y1, y2 ∈ E and y1 a y2. It is easy to see that Me,y2 ⊂Me,y1 . Thus ξe(y1) ≤ ξe(y2).
6) Let y1, y2 ∈ E, r1 ∈ Me,y1 and r2 ∈ Me,y2 . Then y1 + y2 a (r1 + r2)e, hence ξe(y1 + y2) ≤ r1 + r2. By taking
infimum on r1 ∈Me,y1 and then on r2 ∈Me,y2 we have
ξe(y1 + y2) ≤ ξe(y1) + ξe(y2).
7) Follows from definition of ξe.
8) Since y ∈ aintP , so by definition of algebraic interior point for v = −e, there exists ǫ > 0 such that y + tv ∈ P ,
for all t ∈ [0, ǫ], hence y − ǫ
2
e ∈ P , i.e. ǫ
2
e a y. Therefore, properties (2), (5) and (7) imply that ξe(y) > 0. 
By using the idea of Wie-shie Du [7], we can assert the following theorem.
Theorem 3.5. Let (X, da) be an algebraic cone metric space and e ∈ aintP . Then de : X ×X → [0,∞) defined by
de = ξe ◦ da is a metric.
Proof. By (ACM1), (ACM2) and Lemma 3.4, de(x, y) ≥ 0 and de(x, y) = de(y, x) for all x, y ∈ X . If x = y,
then by (ACM1), de(x, y) = ξe(θ) = 0. Conversely, if de(x, y) = 0, then from Lemma 3.4(8) and (ACM1) we
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have da(x, y) = θ, consequently x = y. Applying (5) and (6) of Lemma 3.4 and (ACM3), de satisfies the triangle
inequality which implies that de is a metric. 
Lemma 3.6. Let (X, da) be an algebraic cone metric space, e ∈ aintP , de = ξe ◦ da, and x ∈ X. Then Bde(x, r) =
Ba(x, re), where Bde(x, r) = {y ∈ X : de(x, y) < r} and Ba(x, re) = {y ∈ X : da(x, y)≪a re}.
Proof. Let y ∈ Bde(x, r). Then ξe(da(x, y)) < r, so by Lemma 3.4(4), we have da(x, y) ∈ re−aintP i.e. da(x, y)≪a
re, hence y ∈ Ba(x, re). Moreover, by Lemma 3.4(4), it is easy to verify that Ba(x, re) ⊂ Bde(x, r). Thus the proof
is complete. 
Remark 3.7. Let (X, da) be an algebraic cone metric space. It is proved in Theorem 2.4 that the collection {Ba(x, c) :
c ∈ aintP, x ∈ X} forms a subbasis for a Hausdorff topology on X , where Ba(x, c) := {y ∈ X : da(x, y) ≪a c}.
Consider the metric defined by de = ξe ◦ da. Let τde and τa denote the topology induced by the metric de, and the
topology induced by the algebraic cone metric da, respectively. By using Lemma 3.6, one can see τde ⊂ τa.
In the sequel we assume that (E,P ) has the Archimedean property.
Let (X, da) be an algebraic cone metric space. Then, for each c1, c2 ∈ aintP , there exists c ∈ aintP such that
c ≪a c1 and c ≪a c2. Indeed, by Lemma 2.2(ii),(iii) and the Archimedean property of E, there exists n ∈ N such
that c1
n
≪a c2 and
c1
n
≪a c1. Take c =
c1
n
, so we find c≪a c1 and c≪a c2.
Note that this implies that the collection {Ba(x, c) : c ∈ aintP, x ∈ X} forms a basis for τa the topology of X
which is induced by da. Consequently, if x ∈ X and {xn} is a sequence in X , then {xn} converges to x with respect
to τa if and only if for every θ ≪a c there exists a natural number N such that for all n > N , da(xn, x)≪a c.
Definition 3.8. Let (X, da) be an algebraic cone metric space and {xn} be a sequence in X . Then
(i) {xn} is a Cauchy sequence whenever for every θ ≪a c there exists a natural number N such that for allm,n > N ,
da(xn, xm)≪a c.
(ii) (X, da) is said to be a complete algebraic cone metric space if every Cauchy sequence is convergent.
Let (X, da) be an algebraic cone metric space, x ∈ X and {xn} be a sequence in X. Let de be the same as in
Theorem 3.5, then it is easy to see that
(i) {xn} converges to x if and only if de(xn, x)→ 0 as n→∞;
(ii) {xn} is a Cauchy sequence in (X, da) if and only if {xn} is a Cauchy sequence (in usual sense) in (X, de);
(iii) (X, da) is complete algebraic cone metric space if and only if (X, de) is a complete metric space.
Corollary 3.9. Let (X, da) be a complete algebraic cone metric space. Suppose that a mapping T : X → X satisfies
the contractive condition
da(Tx, T y) a λda(x, y),
for all x, y ∈ X, where λ ∈ (0, 1) is a constant. Then T has a unique fixed point in X. Moreover, for each x ∈ X,
the iterative sequence T nx converges to the fixed point.
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Proof. Put de = ξe ◦ da. Applying the assertion befor this corollary, (X, de) is a complete metric space. By Lemma
3.4(4), (7), we have
da(Tx, T y) a λda(x, y) ⇒ de(Tx, T y) ≤ λde(x, y).
Therefore, the conclusion follows from the Banach contraction principle (see [4]). 
Following a similar argument as in Corollary 3.9, one can easily obtain vectorial versions of Kannan’s fixed point
theorem, Chatterjea’s fixed point theorem and others (see [14, 2, 1]). Moreover, the equivalence between scalar
versions and vectorial versions of these results can also be established easily.
Theorem 3.10. Let (X, da) be an algebraic cone metric space. Then there exists a metric on X which induces the
same topology on X as the topology induced by da.
Proof. Let e ∈ aintP and consider the metric defined by de = ξe ◦ da. Let τde and τa denote the topology induced
by the metric de, and the topology induced by the algebraic cone metric da, respectively. By Remark 3.7, we have
τde ⊂ τa. It is sufficient to show that τa ⊂ τd. Now let U ∈ τa, then there exists c ∈ aintP such that Ba(x, c) ⊂ U .
Since E has the Archimedean property, so there exists n ∈ N such that e ≪a nc. Hence Ba(x,
e
n
) ⊂ Ba(x, c) ⊂ U .
On the other hand, by Lemma 3.6, Bd(x,
1
n
) = Ba(x,
e
n
). Therefore, Bd(x,
1
n
) ⊂ U which implies that U ∈ τd. Thus
the topology τd coincides with the topology τa. 
Note that this theorem shows that there are many metrics on X whose topologies are the same as the topology
induced by da.
Now, we give a definition of algebraic cone normed space.
Definition 3.11. Let X be a vector space over F (R or C) and ‖.‖a : X → E be a mapping that satisfies:
(ACN1) θ ≪a ‖x‖a for all x ∈ X \ {θX} and ‖x‖a = θ if and only if x = θX , where θX is the zero vector in X ,
(ACN2) ‖αx‖a = |α|‖x‖a for all x ∈ X and α ∈ F ,
(ACN3) ‖x+ y‖a a ‖x‖a + ‖y‖a.
Then ‖.‖a is called an algebraic cone norm on X and (X, ‖.‖a) is called an algebraic cone normed space.
Lemma 3.12. Let (X, ‖.‖a) be an algebraic cone normed space. Then for any e ∈ aintP , ‖.‖e : X → [0,∞) defined
by ‖.‖e := ξe ◦ ‖.‖a is a norm on X.
Proof. It follows by Lemma 3.4 and Definition 3.11. 
Theorem 3.13. Every algebraic cone normed space is normable, i.e. the topology of the algebraic cone normed
space coincides with the topology of the norm defined in Lemma 3.12.
Proof. It is clear that da(x, y) = ‖x−y‖a is an algebraic cone on X . Put ‖.‖e := ξe ◦‖.‖a, and de(x, y) = ‖x−y‖e =
ξe ◦ ‖x− y‖a, hence we have de(x, y) = ξe ◦ da(x, y). Then it follows from Lemma 3.12 and Theorem 3.10 that the
topology of the algebraic cone normed space (X, ‖.‖a) coincides with the topology of the normed space (X, ‖.‖e). 
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4. Conclusion
We would like to emphasize that the present work contains not only the proofs of metrizability of an algebraic
cone metric space and normability of an algebraic cone normed space, but also some useful theorems cause to
generalize nonlinear scalarization functions to cosider some optimization problems.
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